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Abstract
This paper consists of tow parts. One is to study the existence of
a point a in the intersection of Julia set and escaping set such that
arg z = θ is a singular direction if θ is a limit point of {arg fn(a)} under
some growth condition of a meromorphic function. The other is to
study the connection between the Fatou set and singular direction. We
prove that the absent of singular direction deduces the non-existence
of annuli in the Fatou set.
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1 Introduction and Main Results
It is well-known that iteration and argument distribution of a transcenden-
tal meromorphic function basically belong to different topics in theory of
meromorphic functions. The main objects studied in the iteration theory of
meromorphic functions are the Fatou set and Julia set and those in the ar-
gument distribution are the singular directions and filling disks. It would be
∗E-mail address: zheng-jh@mail.tsinghua.edu.cn
interesting to explore their connections. We try to do that in this paper. So
let us begin with the basic knowledge and notations from these two topics.
For a transcendental meromorphic function f , denote by
fn := f ◦ · · · ◦ f︸ ︷︷ ︸
n
the n-th iterate of f , for n ∈ N. The Fatou set F (f) of f is the set of
points in C each of which has a neighborhood where {fn} is well defined
and forms a normal family in the sense of Montel (or, equivalently, it is
equiv-continuous). The complement J(f) of F (f) with respect to Cˆ is called
the Julia set of f . Both of the sets are completely invariant under f , i.e.,
z ∈ F (f) if and only if f(z) ∈ F (f). Let U be a connected component of
F (f), then fn(U) is contained in a component of F (f), denoted by Un. If for
some positive integer p, f p(U) ⊆ Up = U , then U is called a periodic Fatou
component and such the smallest integer p is the period of U ; If for some
n > 0, Un is periodic, but U is not periodic, then U is called pre-periodic; If
it is neither periodic nor pre-periodic, that is, Un 6= Um for all pair n 6= m,
then U is called a wandering domain .
An introduction to the basic properties of these sets for rational function
can be found in [3, 14] and for transcendental meromorphic function in the
survey [4] or book [27].
Let f be a transcendental meromorphic function. Throughout this article,
denote byM(r, f) and L(r, f) the maximum modulus and minimum modulus
of f on circle {z : |z| = r}, respectively. For a domain Ω, by n(r,Ω, f = a)
we denote the number of roots of f = a counted with the multiplicities in
Ω ∩ {z : |z| < r}, and we briefly write n(r, f = a) for n(r,Ω, f = a) if Ω is
the complex plane and write n(r, f) for n(r, f =∞). Set
N(r,Ω, f = a) =
∫ r
1
n(t,Ω, f = a)
t
dt.
Moreover, define
m(r, f) =
1
2pi
∫ 2pi
0
log+ |f(reiθ)|dθ,
N(r, f) =
∫ r
0
n(t, f)− n(0, f)
t
dt+ n(0, f) log r,
2
and
T (r, f) = m(r, f) +N(r, f).
T (r, f) is known as the Nevanlinna characteristic of f . For a meromorphic
function f , the growth order ρ(f) and lower order λ(f) are respectively de-
fined as
ρ(f) = lim
r→∞
log T (r, f)
log r
and λ(f) = lim
r→∞
log T (r, f)
log r
.
The Nevanlinna deficiency δ(∞, f) of f at ∞ is
δ(∞, f) = lim
r→∞
m(r, f)
T (r, f)
and for a ∈ C, δ(a, f) = δ(∞, 1/(f − a)). a ∈ Cˆ is called deficient value of f
if δ(a, f) > 0. The deficiency and deficient value are main objects studied in
the modulo distribution of the Nevanlinna theory. The singular direction is
main objects studied in the argument distribution of the theory.
Definition 1.1. A direction argz = θ is called a Borel direction of order
ρ > 0 of a meromorphic function f , if for arbitrary ε > 0 and any a ∈ Cˆ,
possibly except at most two values of a, we have
lim sup
r→∞
log+N(r, Zε(θ), f = a)
log r
≥ ρ,
where Zε(θ) = {z : θ − ε < arg z < θ + ε}; A direction argz = θ is called a
Julia direction of f if (1.1) is replaced by
lim
r→∞
n(r, Zε(θ), f = a) =∞.
It is easily seen that a Borel direction of positive order must be a Julia
direction.
This paper consists of two parts: one is to study the connection between
singular directions and Julia sets; the other is to study the connection be-
tween singular directions and Fatou sets.
Now let us go to our first main purpose to consider connections between
the Julia set and singular direction. For a meromorphic function f , the
escaping set I(f) is defined by
I(f) = {z : fn(z)→∞(n→∞)}.
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The escaping set is first introduced and investigated by Eremenko [11] for
transcendental entire functions and by Domiguze [10] for meromorphic func-
tions. Many important dynamical behaviors of it have been revealed in the
references, for example, see [20, 22, 18, 17].
The following result was proved in Qiao [16].
Theorem 1. Let f be a transcendental meromorphic function of lower order
λ ∈ (0,∞). If
K := lim
r→∞
log T (2r, f)
log T (r, f)
<∞,
then there exists a point a ∈ I(f) ∩ J(f) such that for each limit point θ of
{arg fn(a)}, arg z = θ is a Borel direction of order at least λ.
The quantity defined by the upper limit in (1) is not larger than ρ(f)
λ(f)
.
Therefore, if 0 < λ(f) ≤ ρ(f) < +∞, then (1) holds. But the condition (1)
does not exclude ρ(f) =∞. In fact, under (1), we have
lim
r→∞
log log T (r, f)
log r
≤ logK
log 2
<∞.
We will prove that the condition (1) is basically not necessary. Closely
related to the singular directions is the filling disks.
Definition 1.2. A disk D : |z − z0| < ε|z0| is called a filling disk of f with
index m, if f takes all values at least m times on D possibly except those
values contained in two spherical disks with radius at most e−m.
Henceforth, by χ(a, b) we denote the spherical distance between a and b.
It is clear that a sequence of filling disks Γn : |z− zn| < εn|zn| with index mn
determine singular directions arg z = θ where θ is a limit point of {arg zn}, if
zn →∞, mn →∞ and εn → 0 as n→∞; the order of the singular direction
is between lim
n→∞
logmn
log |zn|
and lim
n→∞
logmn
log |zn|
.
Theorem 1.3. Let f be a transcendental meromorphic function with
lim
r→∞
T (r, f)
(log r)5
=∞.
Then there exists a point a ∈ I(f)∩J(f) such that every fn(a) lies in a filling
disk Γn : |z − zn| < 8pilog logRn |zn| of f with index mn = c∗
T (Rn,f)
(log logRn)2(logRn)3
,
where Rn+1 > R
3
n, 3Rn ≥ |zn| → ∞(n→∞) and c∗ is an absolute constant.
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If f has the lower order λ > 0, it is easy from Theorem 1.3 to obtain the
result in Theorem A without the assumption (1).
Theorem 1.4. Let f be a transcendental meromorphic function with 0 <
λ(f) ≤ ρ(f) < +∞. Let E be the set of θ ∈ [0, 2pi) such that arg z = θ is a
Borel direction of f . Then there exists a point a ∈ I(f) ∩ J(f) such that the
set of the limit points of {arg fn(a)} is E.
In [21], Rippon and Stallard defined the slow escaping points and proved
their existence for a transcendental meromorphic function.
Theorem 1.5. Let f be a transcendental meromorphic function satisfying
for a 0 < c < 1 and all sufficiently large r,
T (er, f) >
(
1 +
1
(log r)c
)
T (r, f).
Then for any increasing positive sequence {an} tending to ∞, there exists a
point a ∈ I(f) ∩ J(f) such that |fn(a)| ≤ an and for each limit point θ of
{arg fn(a)}, arg z = θ is a Borel direction of order ρ(f).
As we know that T (r, f) is nondecreasing and logarithmic convex, for
large r we always have
T (er, f) ≥
(
1 +
1
log r
)
T (r, f).
In terms of the existence of filling disks, we can prove the following.
Theorem 1.6. Let f be a transcendental entire function. If for 0 < c < 1,
(1.5) holds, then f has no multiply connected Fatou components.
Theorem 1.6 is an improvement of Corollary 5 in [28] and Theorem 1.3 in
[29] where (1.5) is replaced by the inequality T (er, f) > dT (r, f) with some
d > 1.
The fast escaping set of a transcendental entire function is introduced
in [5]. It is natural to ask whether there exists a fast escaping point whose
orbit go along singular directions. In fact, for an entire function with regular
growth logM(er, f) > d logM(r, f) and d > 1, such a fast escaping point
exists. For example, we consider the exponential function λez with 0 < λ <
1/e. Its Julia set consists of uncountably many pairwise disjoint simple C∞-
smooth curves tending to∞, called hairs (which was proved by Devaney and
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Krych[8] and Viana [25]), and all of points on the hairs possible except their
finite endpoints are the fast escaping points (which was proved by Devaney
and Tangerman [9] and Rempe, Rippon and Stallard [19]). Therefore, a slow
escaping point must be a finite endpoint of some hair and the other points of
the hair are the fast escaping points and go to∞ under the iterates far away
from the singular directions. f(z) = λez has only two singular directions:
one is the positive imaginary axis and the other is the negative imaginary
axis. For −pi
2
+ ε < arg z < pi
2
− ε and |z| large,
|f(z)| ≥ λe|z| sin ε = λ1−sin εM(|z|, f)sin ε > M(|z|, f) 12 sin ε.
Therefore, for a point a ∈ I(f), if no limit points of {arg fn(a)} are ±pi
2
,
in view of a result in [21], a must be in the fast escaping set of f . We can
prove that there exist the finite endpoints of hairs which are fast escaping to
∞ along the positive imaginary axis, i.e., the argument of the iterate points
tends to pi
2
. The Eremenko point under iteration does not go along the sin-
gular directions, see [23] and the maximally fast escaping points introduced
by Sixsmith [24] go far away from the singular directions.
By A(r, R) we denote the annulus {z : r < |z| < R} and by B(0, r)
the disk {z : |z| < r}. In [1, 28, 6] for transcendental entire functions it
was proved that every multiply-connected Fatou component U is wandering
and for all sufficiently large n, fn(U) contains a round annulus A(rn, Rn)
with rn → ∞, Rn/rn → ∞ as n → ∞. This result was extended in [29] to
transcendental meromorphic functions which have few poles. However, for a
general meromorphic function, a multiply-connected Fatou component may
not be wandering. There exist meromorphic functions which have a sequence
of large annuli in a periodic domain.
The second of our main purposes is about non-existence of a round an-
nulus A(r, R) with r > R0 in the Fatou set of a meromorphic function under
the condition of argument distribution.
Theorem 1.7. Let f be a transcendental meromorphic function with∞ as its
Nevanlinna deficient value and the lower order λ =∞. If there is a direction
arg z = θ is not a Borel direction of the infinite order, then there exists
ε(r)→ 0+ and a R0 > 0 such that F (f) contains no annulus A(r, (1+ε(r))r)
with r > R0.
In fact, we will establish the following general result with Theorem 1.7 as
a corollary.
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Theorem 1.8. Let f be a transcendental meromorphic function with the
lower order λ and
lim
r→∞
logM(r, f)
T (r, f)
> 0.
Assume that there are two distinct values a and b and an angle Ω = Ω(α, β) =
{z : α < arg z < β} such that λ > pi
β−α
= ω and
lim
r→∞
log(N(r,Ω, f = a) +N(r,Ω, f = b))
log T (r, f)
< 1− ω
λ
.
Let φ(r) be a positive function in [1,∞) such that φ(r)→∞ and φ(r)/ logT (r, f)→
0 as r →∞ and φ(r)r/ logT (r, f) > 2 inf
z∈J(f)
|z| for r ≥ 1.
Then there exists a R0 > 0 such that the Fatou set F (f) contains no
round annuli with the form {r < |z| < R} for r > R0 and R > (1 +
φ(r)/ logT (r, f))r.
Furthermore, under the assumptions of Theorem 1.8, in view of a result of
[31], for any compact subset W of a Fatou component with fn|W →∞(n→
∞), there exists a M(W ) > 0 such that for any pair z and z′ in W ,
M−1(W )|fn(z)| ≤ |fn(z′)| ≤M(W )|fn(z)|, ∀ n ∈ N.
If ∞ is a Nevanlinna deficient value of f , i.e., δ(∞, f) = lim
r→∞
m(r,f)
T (r,f)
> 0,
then obviously, (1.8) holds. The quantity defined by the lower limit in (1.8)
was introduced and studied in [15]. It is easy to see that (1.8) follows from
lim
r→∞
log(N(r,Ω, f = a) +N(r,Ω, f = b))
log r
< λ− ω.
This means that the convergence exponents of a-points and b-points are
smaller than λ − ω. But (1.8) does not exclude the possibility of that the
convergence exponent equals to λ − ω, i.g., if λ = ∞, the exponent allows
to be ∞. Therefore, Theorem 1.8 is a generalization of Corollary 4 in [28].
And the condition (1) has something to do with the singular directions of
a meromorphic function. If arg z = θ is not a Borel direction of f with the
order λ−ω, then there exist an angle Ω containing the ray and two values a
and b such that (1) holds. Therefore Theorem 1.7 follows from Theorem 1.8.
In view of a result of Valiron (see Theorem 2.7.5 in [30]), if f has no Borel
directions of order λ− ω in Ω, then (1) holds for some a and b.
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From the proof of Case B in the proof of Theorem 1.8, we can establish
the following
Theorem 1.9. Let f be a meromorphic function with (1.8) without (1.8)
and for some a ∈ C, δ(a, f) > 0. Then the results in Theorem 1.8 holds.
Next let us give an example to show that the condition (1.8) is necessary.
Theorem 1.10. For any given λ > 1, there exists a meromorphic function
of order and lower order equal to λ such that (1.8) holds on the upper half
plane and lower half plane and its Julia set lies on the real axis and its Fatou
set contains a sequence of annuli A(rn, drn) with d > 1 and rn → ∞ as
n→∞.
2 Proofs of Theorems 1.3, 1.4, 1.5 and 1.6
2.1 Some Lemmas
The following result is natural; see Lemma 1 in [21].
Lemma 2.1. Let f be a meromorphic function and let {En}∞n=0 be a sequence
of compact sets in C. If
En+1 ⊂ f(En), for n ≥ 0,
then there exists a ξ such that fn(ξ) ∈ En, for n ≥ 0. If En ∩ J(f) 6= ∅, for
n ≥ 0, then ξ can be chosen to be in J(f).
The following result extracts from the proof of Lemma 6 and Lemma 7
in [21]
Lemma 2.2. Let f be a meromorphic function. If there exist two se-
quences {Bm}∞m=0 and {Vm}∞m=0 of compact sets with dist(0, Bm) → ∞ and
dist(0, Vm) → ∞ as m → ∞ and a strictly increasing sequence of positive
integers {m(k)} such that
Bm+1 ⊆ f(Bm), Bm(k)−p(k) ⊆ f(Vk), Vk ⊆ f(Bm(k)),
where 0 ≤ p(k) ≤ M for a fixed integer M > 0, then for any increasing
sequence of positive numbers {an} with an → ∞(n → ∞), there exists a
ζ ∈ I(f) such that for all sufficiently large n, |fn(ζ)| ≤ an; If, in addition,
Bm ∩ J(f) 6= ∅, ∀ m ≥ 0, then we can require ζ ∈ J(f).
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Proof. We choose a subsequence {an(m)} of {an} such that
Bp ⊂ B(0, an(m)), for 0 ≤ p ≤ m, and Vm ⊂ B(0, an(m)).
Inductively we construct a sequence {s(k)} of positive integers which are
used to control the speed of iterates of f on Bm. Set d(k) = s(k)p(k)+2s(k)
and q(k) = d(0) + d(1) + d(2) + ...+ d(k) = q(k − 1) + d(k).
Define s(0) = 0. Suppose that we have had s(k − 1) and so d(k − 1) and
q(k − 1) are fixed. Take s(k) such that
m(k) + q(k) > n(m(k + 1)).
Let us construct a sequence {En} of compact sets as follows:
E0 = B0, E1 = B1, ... , Em(1) = Bm(1)
Em(1)+1 = V1
Em(1)+2 = Bm(1)−p(1), ... , Em(1)+p(1)+2 = Bm(1)
......
Em(1)+jp(1)+2j+1 = V1
Em(1)+jp(1)+2j+2 = Bm(1)−p(1), ... , Em(1)+(j+1)p(1)+2j+2 = Bm(1),
Em(1)+(j+1)p(1)+2(j+1)+1 = V1, 0 ≤ j ≤ s(1),
Em(1)+q(1) = Bm(1), q(1) = d(1) = s(1)p(1) + 2s(1),
Em(1)+1+q(1) = Bm(1)+1, ... , Em(2)+q(1) = Bm(2),
Em(2)+q(1)+1 = V2,
Em(2)+q(1)+2 = Bm(2)−p(2), ... , Em(2)+q(1)+p(2)+2 = Bm(2)
......
that is to say, for k ≥ 0,
En =


Bn−q(k), m(k) + q(k) ≤ n ≤ m(k + 1) + q(k);
Vk+1, n = m(k + 1) + q(k) + jp(k + 1) + 2j + 1;
m(k + 1) + q(k) + jp(k + 1) + 2j + 2
Bn−q(k)−(j+1)p(k+1)−2j−2, ≤ n < m(k + 1) + q(k)
+(j + 1)p(k + 1) + 2j + 1,
0 ≤ j ≤ s(k + 1)
Then it is easy to see that En+1 ⊆ f(En). Since m(k)− p(k)→∞ (k →∞)
and dist(0, En) → ∞ (n → ∞), in view of Lemma 2.1, there exists a point
ζ ∈ B0 ∩ I(f) such that fn(ζ) ∈ En.
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For m(k) + q(k) ≤ n ≤ m(k + 1) + q(k), we have
En = Bn−q(k) ⊂ B(0, an(m(k+1))) ⊂ B(0, an)
by noting that n(m(k+1)) < m(k)+ q(k) ≤ n. When n = m(k+1)+ q(k)+
jp(k + 1) + 2j + 1, we have n(k + 1) < n(m(k + 1)) < m(k) + q(k) < n and
so
En = Vk+1 ⊂ B(0, an(k+1)) ⊂ B(0, an).
Form(k+1)+q(k)+jp(k+1)+2j+2 ≤ n < m(k+1)+q(k)+(j+1)p(k+1)+
2j+1, that is,m(k+1)−p(k+1) ≤ n−q(k)−(j+1)p(k+1)−2j−2 ≤ m(k+1),
we have
En = Bn−q(k)−(j+1)p(k+1)−2j−2 ⊂ B(0, an(m(k+1))) ⊂ B(0, an).
We have proved that for all n ≥ m(1) + q(1), En ⊂ B(0, an).
The result in Lemma 2.2 also holds if the condition (2.2) is replaced by
Bm+1 ⊆ f(Bm), Bm(k)−p(k) ⊆ f(Bm(k)).
For a hyperbolic domain U , by λU(z) we denote the hyperbolic density
of U at z ∈ U and by dU(z1, z2) the hyperbolic distance between z1 and z2
in U .
Lemma 2.3. ([29], Theorem 2.2) Let f be analytic on a hyperbolic do-
main U with 0 6∈ f(U). If there exist two distinct points z1 and z2 in U
such that |f(z1)| > eκδ|f(z2)|, where δ = dU(z1, z2) and κ = Γ(14)4/(4pi)2 =
4.3768796..., then there exists a point zˆ ∈ U such that |f(z2)| ≤ |f(zˆ)| ≤
|f(z1)| and
f(U) ⊃ A
(
eκ
( |f(z2)|
|f(z1)|
)1/δ
|f(zˆ)|, e−κ
( |f(z1)|
|f(z2)|
)1/δ
|f(zˆ)|
)
;
If |f(z1)| ≥ exp
(
κδ
1−δ
) |f(z2)| and 0 < δ < 1, then
f(U) ⊃ A(|f(z2)|, |f(z1)|).
In particular, for δ ≤ 1
6
and |f(z1)| ≥ e|f(z2)|, we have (2.3).
We need a result on the existence of filling disks.
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Lemma 2.4. (cf. [26], Lemma 3.4) Let f be a transcendental meromorphic
function. Given a q > 1 and R satisfying
T (R, f) ≥ max
{
240,
240 log(2R)
log k
, 12T (r, f),
12T (kr, f)
log k
log
2R
r
}
for some k > 1, then there exists a point zj with r < |zj| < 2R such that the
disk
Γ : |z − zj | < 4pi
q
|zj|
is a filling disk with index
m = c∗
T (R, f)
q2(log r
R
)2
,
where c∗ > 0 is an absolute constant.
There is a r0 ≥ 0 such that T (r, f) ≡ constant for r ∈ [0, r0) and T (r, f)
is strictly increasing in [r0,+∞). Therefore, T (r, f) is invertable in [r0,+∞).
We denote the inverse of T (r, f) in [r0,+∞) by T−1(r, f) with r ≥ T (r0, f).
In other words, we write Lemma 2.4 as follows.
Lemma 2.5. Let f be a transcendental meromorphic function. Then there
exists a R0 > 0 such that for R > R0 and q > R0, the annulus A(r, 3R)
contains a filling disk
Γ : |z − a| < 4pi
q
|a|
of f with index m given in (2.4) where
r =
1
2e
T−1
(
T (R, f)
12 logR
, f
)
and T−1(∗, f) is the inverse of T (r, f).
We can obtain the following by making a modification of the proof of
Rauch Theorem 3.11 in [26] which asserts that a Borel direction confirms the
existence of a sequence of filling disks.
Lemma 2.6. Let f be a transcendental meromorphic function and arg z = θ
be a Borel direction of f of order µ > 0. Then there exist a sequence of filling
disks:
Γj : |z − zj| < εj|zj |, zj = |zj |eiθ, j = 1, 2, · · · ,
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lim
j→∞
|zj | = +∞, lim
j→∞
εj = 0
with index mj = |zj|µ−δj and lim
j→∞
δj = 0.
Since f is transcendental, it is clear that as R → ∞, we have T (R,f)
12 logR
→
∞ so that r → ∞. Now we state the Ahlfors-Shimizu characteristic of a
meromorphic function; see [13]. By f#(z) we mean the sphere derivative of
f at z. For a closed domain D, define
A(D, f) =
∫∫
D
(f#(z))2dσ(z)
and write A(r, f) for A(B(0, r), f). The Ahlfors-Shimizu characteristic of f
is defined as
T (r, f) =
∫ r
0
A(t, f)
t
dt.
Then we have
|T (r, f)− T (r, f)− log+ |f(0)|| ≤ 1
2
log 2.
To confirm the existence of filling disk in view of Lemma 2.4 and Lemma
2.5 in our proofs of theorems, we need to give another formula of (1.5).
Lemma 2.7. Let f be a transcendental meromorphic function. Assume that
for a 0 < c < 1 and all sufficiently large r, (1.5) holds. Then for large r, we
have
T (r2, f)
log r2
> 12T (er, f).
Proof. Under (1.5), for σ > 0 we have
T (r1+σ, f) = T (eσ log rr, f) >
(
1 +
1
((1 + σ) log r − 1)c
)
T (eσ log r−1r, f)
>
[σ log r−2]∏
k=1
(
1 +
1
((1 + σ) log r − k)c
)
· T (e2r, f)
>
(
1 +
1
((1 + σ) log r)c
)[σ log r−2]
T (e2r, f)
> exp
[σ log r − 2]
((1 + σ) log r)c + 1
· T (e2r, f)
> 12(1 + σ)(log r)T (e2r, f).
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That is to say, we obtain (2.7) when σ is chosen to be 1.
Let us make a remark on (2.7). For arbitrarily large integer N > 0 and
sufficiently large r, we have from (2.7) that
T (r, f) ≥ 6
N
22N−1
(log r)NT (r1/2
N
, f).
Therefore
lim
r→∞
T (r, f)
(log r)N
=∞.
The final lemma comes from the calculus.
Lemma 2.8. For R > 0, the function
√
1+x2
1+(x−R)2
is increasing in [0, 1
2
(R+√
4 +R2)] and decreasing in [1
2
(R +
√
4 +R2),∞) and√
1 + x2
1 + (x− R)2 ≤
1
2
(R +
√
4 +R2), ∀ x > 0.
2.2 Proof of Theorem 1.3
Let R0 be as in Lemma 2.5. Take a R1 with q = log logR1 > R0, in view of
Lemma 2.5, there exists a filling disk Γ1 in A(r1, 3R1) with index
m1 = c
∗ T (R1, f)
(log logR1)2(logR1)2
> 6 logR1
and r1 defined by (2.5) with R = R1. Noting that χ(z,∞) > 32e−m1 on|z| = 1
2
em1 and the spherical diameter of the circle |z| = 1
2
em1 is larger than
2e−m1 , according to the definition of filling disks, there exists a point z1 ∈ Γ1
such that |f(z1)| = 12em1 . Set
W1 = {z : 2 < |z| < 1
128
|f(z1)|}.
We need to treat three cases.
Case A. Assume that there exists a point w0 ∈ W1 such that w0 6∈ f(5Γ1)
and f is analytic in 5Γ1. Here and henceforth, for a disk Γ = B(a, r),
we define 5Γ = B(a, 5r). Since diamχ(B(w0, 2)) > 5e
−m1 , there exists a
point z0 ∈ Γ1 such that |f(z0) − w0| ≤ 2. Set g(z) = f(z + w0) − w0.
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Then 0 6∈ g(H1) with H1 = 5Γ1 − w0. In view of Lemma 2.3, by noting
that dH1(z0 − w0, z1 − w0) = d5Γ1(z0, z1) ≤ log 177 < 1 and |g(z1 − w0)| ≥|f(z1)| − |w0| ≥ 12 |f(z1)|, we have
g(H1) ⊃ A(2, |g(z1 − w0)|) ⊃ A
(
2,
1
2
|f(z1)|
)
.
Set Rˆ2 =
1
32
|f(z1)|. In view of Lemma 2.5, g has a filling disk Γˆ2 in A(rˆ2, 3Rˆ2)
with index
mˆ2 = c
∗ T (Rˆ2, g)
(log log Rˆ2)2(log Rˆ2)2
and rˆ2 =
1
2e
T−1
(
T (Rˆ2,g)
12 log Rˆ2
, g
)
> 32. Thus 5Γˆ2 ⊂ g(H1).
By γˆ21 and γˆ22 we denote the two exceptional disks of g for the filling
disk Γˆ2. Then γ21 = γˆ21 + w0 and γ22 = γˆ22 + w0 are the exceptional disks
of f for Γ2 = Γˆ2 + w0. We can assume without any loss of generality that
the center of γ21 is a finite number and ∞ is the center of γ22. For any two
points z1 and z2 in γ21, set zˆ1 = z1 − w0 and zˆ2 = z2 − w0 in γˆ21. Then
χ(z1, z2) =
√
1 + |zˆ1|2
√
1 + |zˆ2|2√
1 + |z1|2
√
1 + |z2|2
χ(zˆ1, zˆ2)
≤
√
1 + |zˆ1|2
1 + (|zˆ1| − |w0|)2
√
1 + |zˆ2|2
1 + (|zˆ2| − |w0|)2χ(zˆ1, zˆ2)
≤ 1
4
(|w0|+
√
4 + |w0|2)2χ(zˆ1, zˆ2) < 3R22χ(zˆ1, zˆ2).
And for a point zˆ ∈ γˆ22, by noting that χ(zˆ,∞) < e−mˆ2 , we have |zˆ| >
emˆ2 − 1 > R32 > 2|w0| and so for z = zˆ + w0 ∈ γ22,
χ(z,∞) =
√
1 + |zˆ|2√
1 + |z|2χ(zˆ,∞) ≤
√
1 + |zˆ|2
1 + (|zˆ| − |w0|)2χ(zˆ,∞)
<
|zˆ|
|zˆ| − |w0|χ(zˆ,∞) < 2χ(zˆ,∞).
Set
m2 = c
∗ T (R2, f)
5(log logR2)2(logR2)3
,
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with R2 =
1
4
Rˆ2. Since B(0, R2) ⊂ B(0, 12Rˆ2) + w0, we have
A
(
1
2
Rˆ2, f(z + w0)
)
= A
(
B
(
0,
1
2
Rˆ2
)
+ w0, f(z)
)
≥ A(B(0, R2), f(z)) = A(R2, f).
Therefore, we have
T (Rˆ2, g) = T (Rˆ2, f(z + w0)− w0)
= N(Rˆ2, f(z + w0)) +m(Rˆ2, f(z + w0)− w0)
≥ T (Rˆ2, f(z + w0))− log |w0| − log 2
≥ T (Rˆ2, f(z + w0))− T
(
1
2
Rˆ2, f(z + w0)
)
− log |w0| − log 2
≥ T (Rˆ2, f(z + w0))− T
(
1
2
Rˆ2, f(z + w0)
)
− log |w0| − 3
2
log 2
=
∫ Rˆ2
1
2
Rˆ2
A(t, f(z + w0))
t
dt− log |w0| − 3
2
log 2
≥ A
(
1
2
Rˆ2, f(z + w0)
)
log 2− log |w0| − 3
2
log 2
≥ A(R2, f) log 2− log |w0| − 3
2
log 2
≥ log 2
logR2
∫ R2
1
A(t, f)
t
dt− log |w0| − 3
2
log 2
=
log 2
logR2
T (R2, f) +O(1)− log |w0| − 3
2
log 2
≥ 1
2 logR2
T (R2, f).
This implies that mˆ2 > 2m2 and so 3R
2
2e
−mˆ2 < 3R22e
−2m2 < e−m2 . Therefore,
f has the filling disk Γ2 with indexm2. Since 5Γˆ2 ⊂ g(H1), we have 5Γ2−w0 ⊂
f(5Γ1)− w0 and so 5Γ2 ⊂ f(5Γ1).
Case B. Assume that W1 ⊂ f(5Γ1) and f is analytic in 5Γ1. In view of
Lemma 2.5, we have a filling disk Γ2 of f in A(r2, 3R2) ⊂ W1 with index m2,
where R2 =
1
640
|f(z1)|, and 5Γ2 ⊂ f(5Γ1).
Case C. Assume that 5Γ1 contains a pole of f . Then for some rˆ2 > 0,
{z : |z| > rˆ2} ⊂ f(5Γ1). Take a sufficiently large R2 > R31 such that r2 > 5rˆ2.
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In view of Lemma 2.5, there exists a filling disk Γ2 of f in A(r2, 3R2) with
index m2. Obviously, 5Γ2 ⊂ A(r2/5, 15R2) ⊂ f(5Γ1).
In one word, there exists a filling disk Γ2 of f with index m2 given in
(2.2) where R2 > R
3
1 and 5Γ2 ⊂ f(5Γ1). Proceeding step by step, we obtain
a sequence of filling disks {Γn} of f with index mn given by (2.2) with R2
replaced by Rn and Rn > R
3
n−1 → ∞(n → ∞) and 5Γn ⊂ f(5Γn−1). Since
f is meromorphic on the complex plane, f takes any value at most finitely
many times on any bounded subset of the complex plane and therefore, by
mn →∞(n→∞), we know that dist(Γn, 0)→∞(n→∞). It is easily seen
that for every n, Γn ∩ J(f) 6= ∅. In view of Lemma 2.1, there exists a point
a ∈ I(f) ∩ J(f) such that fn(a) ∈ 5Γn. Of course, 5Γn is also a filling disk
of f with index mn.
We complete the proof of Theorem 1.3.
2.3 Proof of Theorem 1.4
From the proof of Theorem 1.3, we have a sequence of filling disks Bn such
that Bn+1 ⊂ f(Bn) centered at zn → ∞ with index mn having the order in
[λ, ρ]. Therefore, the radius of exceptional disks is e−mn → 0(n→∞).
Noting that E is closed in [0, 2pi], we can choose a sequence of {θp}Np=1
with 1 ≤ N ≤ +∞ such that the closure {θp : p = 1, 2, · · ·N} = E. In view
of Lemma 2.6, for every θp, there exist a sequence of filling disks {Apj}∞j=1
with index mpj centered at zpj = rpje
iθp, j = 1, 2, · · · with rpj →∞(j →∞)
and mp(j+1) > mpj . And we can require that rp(j+1) > 2rpj and r(p+1)1 >
2rp1 → +∞(p → ∞). Since the exceptional disks of Apj has the radius at
most e−mpj , choosing the sufficiently large rp1 we have that for every j there
exists a Bn(pj) with n(pj)→∞(p→∞) such that
Bn(pj) ⊂ f(Apj).
Now let us write Apj, j = 1, 2, · · · , p = 1, 2, · · · in the following order:
A11, A12, A21, A13, A22, A31, · · · .
Take a sufficiently large n0 and then one of A11, A12, A13 is in f(Bn0),
denoted by C11. f(C11) contains one Bn11 . Take Bn11+1, ..., Bn11+p11 such
that f(Bn11+p11) contains one of A12, A13, A14, denoted by C12. Then f(C12)
contains one Bn2 . Take Bn12+1, ..., Bn12+p12 such that f(Bn12+p12) contains
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one of A21, A22, A23, denoted by C21. We go forever in this way to obtain a
sequence of filling disks:
Bn0
C11, Bn11 , Bn11+1, · · · , Bn11+p11,
· · ·
Csk, Bnsk , Bnsk+1, · · · , Bnsk+psk
· · · ,
where Csk is one of Ask, As(k+1) and As(k+2). In view of Lemma 2.1, there
exists a point a ∈ I(f) ∩ J(f) such that fn(a) goes along the sequence of
above filling disks. Then a satisfies our requirement.
2.4 Proof of Theorem 1.5
Under (1.5), we have (2.7). Take r1 sufficiently large and set R1 = r
2
1 such
that
T (R1, f) ≥ max
{
240,
240 log(2R1)
log 2
, 12T (er1, f) log(2r1)
}
,
q1 = log r1 and, in view of (2.1),
c∗
T (R1, f)
(log r1)4
> 2 log(1 + 2R1),
where c∗ is the constant in Lemma 2.4. Applying Lemma 2.4, then there
exists a z1 lying in annulus {z : r1 < |z| < 2R1} such that
Γ1 : |z − z1| < 4pi
q1
|z1|
is a filling disk of f with index
n1 = c
∗ T (R1, f)
q21(log r1)
2
= c∗
T (R1, f)
(log r1)4
.
Take r2, R2 = r
2
2 and q2 = log r2 such that
r2 >
2R1 + (1 + 2R1)e
−n1
1− e−n1(1 + 2R1) .
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This implies that χ(r2, 2R1) > e
−n1 , where χ(z, w) denotes the spherical
distance of z and w. There exists a z2 lying in annulus {z : r2 < |z| < 2R2}
such that
Γ2 : |z − z2| < 4pi
q2
|z2|
is a filling disk of f with index
n2 = c
∗T (R2, f)
(log r2)4
.
And the spherical distance of Γ1 and Γ2 is at least χ(r2, 2R1) > e
−n1 > e−n2 .
In view of the same method, we have rj, Rj , qj, nj and Γj (j = 1, 2, · · · , 5)
such that the spherical distance of Γj and Γi with i 6= j is larger than
e−nt(t = 1, 2, · · · , 5).
Take B1 = Γ1. We can have B2 = Γi for some 2 ≤ i ≤ 4 with f(B1) ⊃ B2
and then B3 = Γj for some j ∈ {2, 3, 4, 5}\{i} with f(B2) ⊃ B3. It is easy to
see that f(B3) ⊃ B1, B2 or B3. Starting from B3, we go on the same step to
obtain B4 and B5 such that f(Bj) ⊃ Bj+1 with j = 3, 4 and f(B5) ⊃ B3, B4
or B5. Thus we obtain a sequence of disks {Bn} such that f(Bn) ⊃ Bn+1
and f(B2n+1) ⊃ B2n−1, B2n or B2n+1.
We can take rn such that lim
n→∞
log T (Rn,f)
logRn
= ρ(f). In view of Lemma 2.2,
we complete the proof of Theorem 1.5.
2.5 Proof of Theorem 1.6
It follows from (2.1) that
1
2e
T−1
(
T (r1+σ, f)
12 log r1+σ
, f
)
> r.
In view of Lemma 2.5, for any σ > 0 and all sufficiently large r, the annulus
A(r1−σ, r) contains a filling disk with index m(r)→∞(r →∞). Since J(f)
is non-empty and unbounded, F (f) cannot contain any filling disks with
large index so that given arbitrarily 0 < σ < 1, for large r, under (1.5), F (f)
cannot contain any annulus A(r1−σ, r).
Suppose that f has a multiply connected Fatou component. Then there
exist a sequence of annuli {A(r1−σn , rn)} with rn → ∞ for some 0 < σ < 1
in the Fatou set F (f); see Theorem 1.2 in [6] and Theorem 1.1 in [29]. This
derives a contradiction. Theorem 1.6 follows.
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3 Proof of Theorem 1.8 and Theorem 1.10
3.1 Some Lemmas
We need the Nevanlinna characteristic in an angle; see [12, 30]. We set
Ω(α, β) = {z : α < arg z < β}
with 0 ≤ α < β ≤ 2pi and denote by Ω(α, β) the closure of Ω(α, β). Let f(z)
be meromorphic on the angle Ω(α, β). We define
Aα,β(r, f) =
ω
pi
∫ r
1
(
1
tω
− t
ω
r2ω
)
{log+ |f(teiα)|+ log+ |f(teiβ)|}dt
t
;
Bα,β(r, f) =
2ω
pirw
∫ β
α
log+ |f(reiθ)| sinω(θ − α)dθ;
Cα,β(r, f) = 2
∑
1<|bn|<r
(
1
|bn|ω −
|bn|ω
r2ω
)
sinω(βn − α),
where ω = pi/(β−α), and bn = |bn|eiβn are poles of f(z) in Ω(α, β) appearing
according to their multiplicities and define Cα,β(r, f = a) = Cα,β(r, 1/(f−a)).
The Nevanlinna angular characteristic is defined as
Sα,β(r, f) = Aα,β(r, f) +Bα,β(r, f) + Cα,β(r, f).
Lemma 3.1. ([30], Lemma 2.2.2) Let f(z) be a meromorphic function on
Ω(α, β). Then we have the following
Cα,β(r, f = a) ≤ 4ωN(r,Ω, f = a)
rω
+ 2ω2
∫ r
1
N(t,Ω, f = a)
tω+1
dt.
The inequality also holds for a =∞.
Lemma 3.2. ([30], The inequality (2.2.6) and Lemma 2.5.3) Let f(z) be a
meromorphic function. Then for any two distinct values a1 and a2 on C, we
have
Sα,β(r, f) ≤ Cα,β(r, f) +
2∑
ν=1
Cα,β(r, f = av) +O((log rT (r, f)),
for all r > 0 with a possible exception of finite-measure set of r.
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We need the following lemma, which is established in terms of the hyper-
bolic metric.
Lemma 3.3. ([29], Theorem 2.4) Let h(z) be an analytic function on the
annulus A(r, R) = {z : r < |z| < R} with 0 < r < R < ∞ such that
|h(z)| > 1 on A(r, R). Then
logL(ρ, h) ≥ exp
(
− pi
2
2
max
{
1
log R
ρ
,
1
log ρ
r
})
logM(ρ, h),
where ρ ∈ (r, R) and L(ρ, h) = min{|h(z)| : |z| = ρ}.
In Lemma 3.3, when ρ =
√
rR, we have
logM(ρ, h) ≤ exp
( pi2
log R
r
)
logL(ρ, h).
3.2 Proof of Theorem 1.8
On the contrary, suppose that there exist a sequence of annuli An = {z :
rn < |z| < Rn} in F (f) with Rn ≥ (1 + φ(rn)/ log T (rn, f))rn, rn+1 > rn and
rn →∞(n→∞). We treat two cases.
Case A. There exists a subsequence of An such that f(An) ⊂ {|z| > 1}.
Without loss of generality, we assume that for all n, f(An) ⊂ {|z| > 1}. Set
ρn =
√
Rnrn. Since |f(z)| > 1 on An, using Lemma 3.3, we have
logL(ρn, f) ≥ λn logM(ρn, f),
where λn = exp
(
− pi2
log Rn
rn
)
.
For the angular domain Ω(α, β), according to the definition of Bα,β(ρn, f),
we have
ρωnBα,β(ρn, f) =
2ω
pi
∫ β
α
log+ |f(ρneiφ)| sin(ω(φ− α))dφ
≥ 2ω
pi
logL(ρn, f)
∫ β
α
sin(ω(φ− α))dφ
=
4
pi
logL(ρn, f) ≥ 4λn
pi
logM(ρn, f).
(3.1)
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On the other hand, for any two distinct complex numbers av (v = 1, 2),
we use Lemma 3.1 and Lemma 3.2 in turn to obtain that
ρωnBα,β(ρn, f) ≤ ρωn(Cα,β(ρn, f = a1) + Cα,β(ρn, f = a2)) +O(ρωn log ρnT (ρn, f))
≤ 4ωN(ρn) + 2ω2ρωn
∫ ρn
1
N(t)
tω+1
dt+O(ρωn log ρnT (ρn, f))
≤ 4ωN(ρn) + 2ωρωnN(ρn) +O(ρωn log ρnT (ρn, f))
= (4ω + 2ωρωn)N(ρn) +O(ρ
ω
n log ρnT (ρn, f)),
where N(ρn) = N(ρn,Ω, f = a1)+N(ρn,Ω, f = a2). Combining the inequal-
ities (3.1), (3.2) and (1.8) yields
(4ω+2ωρωn)N(ρn)+O(ρ
ω
n log ρnT (ρn, f)) ≥ λn logM(ρn, f)) ≥ KλnT (ρn, f),
for some positive constant K. Thus
KλnT (ρn, f) ≤ 2max{(4ω + 2ωρωn)N(ρn), O(ρωn log ρnT (ρn, f))}.
It follows from the definition of lower order that
lim
n→∞
log T (ρn, f)
log ρn
≥ λ,
for the above sequence {ρn}. By noting that
log λn = − pi
2
log(Rn/rn)
≥ − pi
2
log(1 + φ(rn)/ log T (rn, f))
∼ − pi
2
φ(rn)
log T (rn, f) ≥ − pi
2
φ(rn)
log T (ρn, f),
we have
lim
n→∞
log λn
log T (ρn, f)
≥ 0.
In view of (3.2), we can get
lim
n→∞
logN(ρn)
log T (ρn, f)
≥ 1− ω
λ
.
Then we get a contradiction for a and b.
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Case B. Set
cn = 1 +
φ(rn)
12 log T (rn, f)
.
When cn ≤ 2, we have c3n ≤ 1 + φ(rn)/ log T (rn, f). Consider the annulus
Bn = A(rn, c
3
nrn) ⊂ An and Cn = A(cnrn, c2nrn). In view of implication in
Case A, we can assume that for all n, f(Cn) ∩ {|z| ≤ 1} 6= ∅. Then there
exist two points z0 ∈ Cn and zn with |zn| = ρn = c3/2n rn, in view of (1.8),
such that
|f(z0)| = 1 + |c| and log |f(zn)| ≥ KT (ρn, f) > log ρn, for n ≥ N,
where c ∈ J(f) with |c| = min
z∈J(f)
|z|, K is a positive number andN is a positive
integer. Thus for n ≥ N and N ≤ k ≤ n, Ak ∩ f(An) 6= ∅. This implies that⋃∞
n=N An ⊂ U , where U is a Fatou component of f with f(U) ⊆ U .
A simple calculation yields
λBn(z) ≤
2
√
3pi
9 log cn
1
|z| , z ∈ Cn, and λBn(z) =
pi
3 log cn
1
|z| , |z| = ρn.
Then
dBn(z0, zn) ≤
∫ ρn
cnrn
2
√
3pi
9 log cn
dt
t
+
∫ pi
0
pi
3 log cn
dθ ≤
√
3pi
9
+
pi2
3 log cn
,
and
1
δn
≥ 9 log cn√
3pi log cn + 3pi2
≥ log cn
4 + log cn
,
where δn = dBn(z0, zn). It follows that for sufficiently large n, we have
|f(zn)| ≥ exp(KT (ρn, f)) > eκδn(1 + 2|c|) + |c| = eκδn(|f(z0)|+ |c|) + |c|.
Set g(z) = f(z) − c. Then 0 6∈ g(Bn) and |g(zn)| ≥ eκδn |g(z0)|. In view of
Lemma 2.3, we have g(Bn) ⊇ A(d−1n tn, dntn) with tn ≥ |g(z0)| ≥ 1 and
dn := e
−κ
( |g(zn)|
|g(z0)|
)1/δn
≥ exp
(
−κ + log cn
4 + log cn
K
2
T (ρn, f)
)
> ρ5n.
Thus
f(Bn) ⊇ A(d−1n tn, dntn) + q ⊇ A(d−1n tn + |c|, dntn − |c|).
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Set sn = ρntn ≥ ρn. Then
A(sn, ρ
3
nsn) ⊂ A(d−1n tn + |c|, dntn − |c|).
This implies that the Fatou component U contains a sequence of annuli
Dn = A(sn, ρ
3
nsn).
For simple statement, we assume without loss of generality that c = 0.
We can assume that f(En)∩{z : |z| ≤ 1} 6= ∅ with En = A(ρnsn, ρ2nsn). We
can find two points z′0 ∈ En and z′n with |z′n| = ρ3/2n sn such that
|f(z′0)| = 1 and log |f(z′n)| ≥ KT (ρ3/2n sn, f) > 2 log rn.
And we have
dDn(z
′
0, z
′
n) ≤
√
3pi
9
+
pi2
3 log ρn
<
9
10
.
Therefore, in view of Lemma 2.3, f(Dn) ⊃ A(|f(z′0)|, f(z′n)|) ⊃ A(1, r2n)
and furthermore, A(1, r2n) ⊂ U and so A(1, Rn) ⊂ U . This implies that
U ⊃ {z : |z| > 1}. A contradiction is derived.
From Cases A and B, the Fatou set F (f) contain no annuli mentioned in
Theorem 1.8.
3.3 Proof of Theorem 1.10
Consider the meromorphic function with the following form
f(z) = cz + d+
∞∑
n=1
cn
(
1
an − z −
1
an
)
,
where c, d, cn and an are real numbers with an → ∞(n → ∞), c ≥ 0 and
cn > 0 such that
∞∑
n=1
cn
a2n
< +∞.
For such a function f , the real axis is completely invariant under f and so
J(f) is completely on the real axis, see [2].
Set rn = M2
n for a large M > 0. For a given real number λ > 1
2
, define
rn,k = rn+1 − 1 + k[rλn] , 1 ≤ k ≤ [r
λ
n] for each n, where [x] is the maximal
integer not greater than x. We will prove that the function
g(z) =
∞∑
n=1
1
[rλn]
[rλn]∑
k=1
2z
r2n,k − z2
=
∞∑
n=1
1
[rλn]
[rλn]∑
k=1
(
1
rn,k − z −
1
rn,k + z
)
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satisfies the requirement of Theorem 1.10.
Given arbitrarily a large real number r, we have rn ≤ r < rn+1 for some
n. Then
n(r, f) =
n−1∑
k=1
[rλk ] ≤ rλn
n−1∑
k=1
(
rk
rn
)λ
= rλ
n−1∑
k=1
(
1
2n−k
)λ
≤ r
λ
2λ − 1
and
n(r, f) ≥
n−1∑
k=1
(rλk − 1) =
rλn
2λ − 1 − n
=
rλn+1
2λ(2λ − 1) −
log(rn/M)
log 2
>
rλ
2λ(2λ − 1) −
log(r/M)
log 2
.
For z ∈ A(4
3
rn,
5
3
rn), we have
|g(z)| ≤
n−1∑
m=1
1
[rλm]
[rλm]∑
k=1
2|z|
|z|2 − r2m,k
+
∞∑
m=n
1
[rλm]
[rλm]∑
k=1
2|z|
r2m,k − |z|2
= I1 + I2(say).
We estimate
I1 ≤
n−1∑
m=1
1
[rλm]
[rλm]∑
k=1
30rn
16r2n − 9r2m,k
≤ 30nrn
16r2n − 9r2n
=
30n
7rn
.
Since rm,k ≥ rm+1 − 1 = 2rm − 1, for m ≥ n we have
9r2m,k − 25r2n ≥ 9(2rm − 1)2 − 25r2n > 10r2m
24
so that
I2 ≤
∞∑
m=n
1
[rλm]
[rλm]∑
k=1
30rn
9r2m,k − 25r2n
<
∞∑
m=n
30rn
10r2m
≤ 3rn
∞∑
m=n
r−2m =
3
rn
∞∑
m=n
(
rn
rm
)2
<
3
rn
.
Therefore we have
T (3rn/2, g) = N(3rn/2, g) +m(3rn/2, g) < n(3rn/2, g) log(3rn/2) + 2
and
T (3rn/2, g) = N(3rn/2, g) +m(3rn/2, g) > n(rn, g) log(3/2)− 2,
and so
lim
n→∞
log T (3rn/2, g)
log(3rn/2)
= λ.
This easily implies that g has the order and lower order equal to λ.
Obviously, 0 is an attracting fixed point of g and we can choose a largeM
such that B(0,M) is in its attracting basin. For all sufficiently large n, the
annulus A(4rn/3, 5rn/3) is mapped into B(0,M). Therefore the Fatou set
F (g) contains a sequence of annuli A(4rn/3, 5rn/3) with rn → ∞(n → ∞).
Since J(g) lies in the real axis and r1, r2 ∈ J(g), g cannot take on r1 and r2
on the upper half plane and lower half plane.
4 Remarks
In the proofs of Theorem 1 and Theorem 1.5, the existence of so-called filling
disks is a key point.
From the proof of Theorem 1 in [16], it is easily seen that if 0 < λ(f) <∞,
then there exist R0, τ > 1 and N > 0 such that for all r > R0, the annulus
A(r/4, 3τT−1(TN(r))) contains a filling disk D : |z− z0| < 4pilog r |z0| of f with
the index m = c∗ T (R)
(logR)2
, where c∗ is a positive constant, T (r) = T (r, f) and
τr < R < τT−1(TN(r)).
From the proof of Theorem 1.5, we see that the annulus A(r, 2r2) for
r ≥ R0 contains a filling disk Γ : |z − z0| < 4pilog r |z0| with index m = c∗ T (r
2)
(log r)4
.
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However, for any two sequences {rn} and {Rn} of positive numbers with
rn < Rn < rn+1, there exists a transcendental meromorphic function which
has no filling disks in annulus A(rn, Rn) with index mn →∞(n → ∞). For
such example which has a sequence of large annuli in the Fatou set, see [32].
A transcendental entire function f with this property can be found in [7].
It is obvious that the Fatou set cannot contain a filling disk with enough
large index m. This is a contradiction of the iterate theory researches of a
meromorphic function to the study of value distribution.
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